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Abstract: Let A{G) be the adjacency matrix of graph G with eigenvalues Ai(G), A2(G), . . . , A n (G) in non- 
increasing order. The number Sk{G) :~ J27=i ^i(^) = 0, 1, — 1) is called the fcth spectral moment 
of G. Let S(G) = (So(G), Si(G), . . . , S„_i(G)) be the sequence of spectral moments of G. For two graphs 
Gi, G2, we have Gi -< s G2 if for some fc e {1, 2, 3, . . . , n — 1}, we have Si(Gi) — Si(G2) , i = 0, 1, . . . , k — 1 and 
<Sfc(Gi) < Sk(G2)- In this paper, the last n- vertex tree with a given degree sequence in an S-order is determined. 
Consequently, we also obtain the last trees in an S'-order in the sets of all trees of order n with the largest degree, 
the leaves number, the independence number and the matching number, respectively. 
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1. Introduction 

All graphs considered here are finite, simple and connected. Undefined terminology and notation may be referred 
to [I]. Let G = (Vg, Eg) be a simple undirected graph with n vertices. G — v, G — uv denote the graph obtained 
from G by deleting vertex v € Vg, or edge uv € Eg, respectively (this notation is naturally extended if more than 
one vertex or edge is deleted). Similarly, G + uv is obtained from G by adding an edge uv Eg- For v G Vg, let 
Ng(v) (or N(v) for short) denote the set of all the adjacent vertices of v in G and c?g(w) = |Ag(w)|- A leaf of a 
graph is a vertex of degree one. 

Let A(G) be the adjacency matrix of a graph G with A^G), A2(G), . . . , A„(G) being its eigenvalues in non- 
increasing order. The number Yli=i (k = 0, 1, . . . , n — 1) is called the fcth spectral moment of G, denoted 
by Sk(G). Let S(G) = (So(G), Si(G), . . . , S„_i(G)) be the sequence of spectral moments of G. For two graphs 
Gi, G2, we shall write Gi = s G2 if Si(Gi) — Si(G2) for i = 0, 1, . . . , n — 1. Similarly, we have Gi < s G2 (Gi 
comes before G2 in an S'-order) if for some k (1 ^ k ^ n — 1), we have S;(Gi) = Si(G2) (i = 0, 1, . . . , k — 1) and 
Sfc(Gi) < Sfc(G2). We shall also write Gi ^ s G2 if Gi ~< s G2 or Gi = s G2. S-order has been used in producing 
graph catalogs (see [5]), and for a more general setting of spectral moments one may be referred to [4]. 

Investigation on S-order of graphs attracts more and more researchers' attention. Cvetkovic and Rowlinson 
[6] studied the S-order of trees and unicyclic graphs and characterized the first and the last graphs, in an S-order, 
of all trees and all unicyclic graph with given girth, respectively. Chen, Liu and Liu [2] studied the lexicographic 
ordering by spectral moments (S-order) of unicyclic graph with a given girth. Wu and Fan |12) determined the 
first and the last graphs, in an S-order, of all unicyclic graphs and bicyclic graphs, respectively. Pan et al. [11] 

in — 1 

gave the first ^2 k= \ (L "~2 _1 J — k + 1) graphs apart from an n-vertex path, in an S-order, of all trees with 
n vertices. Wu and Liu [13] determined the last |_f J + 1, in an S-order, among all n-vertex trees of diameter 
d (4 < d < n — 3). Pan et al. [TU] identified the last and the second last graphs, in an S-order, of quasi-trees. Hu 
and Li [8] studied the spectral moments of graphs with given number of clique number and chromatic number, 
respectively. Li and Zhang 9 studied the spectral moments of graphs with given number of cut edges. 
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Fund for Basic Scientific Research of Central Colleges (CCNU11A02015). 

tE-mail: lscmath@mail.ccnu.edu.cn (S.C. Li), 425333559@qq.com (Y.B. Song) 



1 



A nonincreasing sequence of nonnegative integers tt = (do, d\, is called graphic if there exists a graph 
having tt as its vertex degree sequence. Motivated by the recent results in terms of vertex degrees, we generally 
propose the following question. 

Problem 1.1. For a given graphic degree sequence tt, let 

Sfjr = {G\G is connected with tt as its degree sequence} . 
Characterize the last (first) graph in an S-order among all graphs G in < ^ 1T . 

In this paper, we only consider a special case for the above problem, i.e., for a given degree sequence of some 
tree. The main result of this paper is as follows: 

Theorem 1.2. For a given degree sequence tt of some n-vertex tree, let 

= {T\ T is an n-vertex tree with tt as its degree sequence} . 
Then T* (see in Section 2) is a unique last tree in an S-order, among ST^- 

The rest of the paper is organized as follow. In Section 2, some notations and preliminary results arc presented. 
In Section 3, we present the proof of Theorem 1.2 and some corollaries. 

2. Preliminary 

Throughout we denote by P n ,K\ tn _\ the path, star on n vertices, respectively. Let B$ be a tree obtained from 
P3 by attaching two pendant vertices to one of its end vertices; it is easy to see that the degree sequence of B5 is 
(3,2,1,1,1). 

Lemma 2.1 f [10]). The kth spectral moment of G is equal to the number of closed walks of length k. 

Let F be a graph. An F-subgraph of G is a subgraph of G which is isomorphic to the graph F. Let 4>g(F) 
(or <fi(F) for short) be the number of all F-subgraphs of G. 

Lemma 2.2. For every graph G, we have 

(i) 5 4 (G) = 2<t>(P 2 ) + 40(P 3 ) + 8<t>(C 4 ) (see [13]); 

(ii) 5 B (G!) = 30<HC 3 ) + 10<p{U 4 ) + 10<XC 5 ) (see 0]). 

Since all the graphs we considered are trees, note that Si(Ti) = Si(T2) for i = 0, 1, 2, 3, 4, 5, 7 where Ti , T2 € 3'- K . 
Moreover, by Lemma 1.1 we can get 

Sein) - S 6 (T 2 ) = 6(<ht(P*) ~ <h a (P*)), (2-1) 

5 8 (T 1 )-5 8 (T 2 ) = 32^ Tl (P 4 )-0T 2 (P4)) + 8(0 Tl (P5)-0T 2 (P5)) + 16(0T 1 (i?5)-0T 2 (S 5 )). (2.2) 

For a given non-increasing degree sequence tt = (do, d\, . . . , d n -i) of a tree with n ^ 3, we use breadth-first 
search method to define a special tree T* with degree sequence tt as follows (see also [14]). Assume that d m > 1 
and d m+ \ = ■ ■ ■ = = 1 for ^ m < n — 2. Put sq — 0. Select a vertex vqi as a root and begin with Vqi 

in layer 0. Put si = do and select s\ vertices {i>n, . . . , vi,^} in layer 1 such that they are adjacent to t>oi. Thus 

<^(^oi) = s i = ^o- We continue to construct all other layers by recursion. In general, put s t — d So+Sl ^ hs t _ 2 +i + 

■ • • + d So+Sl ^ hst- 2 +st-i ~ s t-i f° r t ^ 2 and assume that all vertices in layer t have been constructed and are 

denoted by {v t ,i,. ■ ■ , w t , St } with d(v t -i,i) = d Sa+ ... +St _ 2+ i, . . . , d^-i.^J = d S0+ ... +St _ 1 . Now using the induction 



2 



hypothesis, we construct all vertices in layer t+1. Put St+i — d So ^ hs t _i+l+' ■ '+^s h \-s t ~ s t- Select St+i vertices 

{vt+i t i, . . . , Vt+i, St+1 } in layer t+1 such that i>t+i,i is adjacent to Vt r for r = 1 and 1 ^ i ^ d so _| i- St _i+i — 1 and for 

2 < r < s t and d So+ ... +5t _ 1+ i + d So+ ... +St _ 1+2 H hd*o+-+«t_i+r-i -r + 2 < i < d So+ ... +St _ 1+ i + rf So+ ... +St _ 1+2 + 

■ • ■ + rf so _| hst-i+j- — r - Thus d(v tr ) = d so ^ hst-i+i- f° r 1 ^ r s t- Assume that m = s + ■ • • + + q. Put 

s p+ i = d S0+ ... +Sp _ 1+ i H h d ao+ ... +ap _ I+ g - 9 and select s p+ i vertices {up+i,i, • . . ,« P +i, Sp+1 } in layer p + 1 such 

that Up+i.i is adjacent to u pr for 1 < r < g and 4 0+ ... +Sp _ 1+ i + d Sa+ ... +Sp _ 1+2 H h d So+ ... +ap _ I+r _i - r + 2 s$ 

i s? rf s „+...+ Sp -i+i + 4o+-+s P -i+2 H h cZ S0 +... +Sp _ 1+r - r. Thus d(v Pj ,-) = rf S0+ ... +SjJ _ 1+ , for 1 < i < q. In this 

way, we obtain a tree T* . It is easy to see that T* is of order n with degree sequence tt. 




Figure 1: Trees T* and T with the same degree sequences tt = (4, 4, 4, 3, 3, 3, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1). 



For example, for a given degree sequence tt = (4,4,4,3,3,3,2,1,1,1,1,1,1,1,1,1,1,1), T* is the tree of 
order 18; see Fig. 1. There is a vertex vox hi layer 0; four vertices wu, v\2, U13, U14 in layer 1; ten vertices 
W2i) V22, ■ ■ ■ ) V29, 1*2,10 in layer 2; three vertices U31, 1*32, 1*33 in layer 3. Moreover, so = 0,si = do = 4, S2 = 
di + cfe + tfe + d A - si = 4 + 4 + 3 + 3 - 4 = 10, s 3 = d 5 + 1- di 3 - s 2 = 3, m = si + q = 4 + 2 = 6. 

For a graph with a root uo, we call the distance the height h(v) — dist(v, vq) of a vertex v. 

Definition 1. Let T = (V, E) be a tree with root Vq. A well-ordering -< of the vertices is called breadth-first search 
ordering with non-increasing degrees (BFS-ordering for short) if the following holds for all vertices !i,u£ V : 

(1) u -t, v implies h(u) ^ h(v); 

(2) u -< v implies d(u) ^ d(v); 

(3) if there are two edges uu\ £ E(T) and vv\ € E(T) such that u -< v, h(u) = h(u\) + 1 and h(v) = h(vi) + 1, 
then u\ -< v\. 

We call trees that have a BFS-ordering of its vertices a BFS-tree. All trees have an ordering which satisfy the 
conditions (1) and (3) by using breadth-first search, but not all trees have a BFS-ordering. For example, the tree T 
(see Fig. 1) of order 18 has not a BFS'-ordering with degree sequence tt — (4, 4, 4, 3, 3, 3, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1). 
In fact, Zhang obtained the following result in 2008. 

Proposition 1 (|14j). For a given degree sequence tt of some tree, there exists a unique tree T* with degree 
sequence tt having a BFS-ordering. Moreover, any two trees with the same degree sequences and having BFS- 
ordering are isomorphic. 

We recall the notion of majorization. Let tt — (do, . . . , <i„_i) and Tr> — (d' , . . . , d' n _i) be two non-increasing 
sequences. If J2i=o ^» ^ Si=o ano - ^2?=o di = S"=o 1 then the sequence w' is said to major the sequence tt 
and denoted by tt < tt' . It is known that the following result holds. 
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Proposition 2 ([7]). Let tt = (do, • • • , rfn-l) arlc ^ t 1 "' = (^o> • • • > ^n-l) ^ e non-increasing graphic degree 
sequences. Ifir<3 7r', t/ien i/iere exists a series graphic degree sequences %\, . . . , TTfe smc/i £/ia£ 7r < 7Tx < • • • < 7Tfc < n' , 
and only two components of tti and 7^+1 are different from 1. 

3. Main results 

In order to show Theorem 1.2, we need the following lemmas. The first lemma follows immediately by its 
definitions. 

Lemma 3.1. For any n-vertex tree T , one has 

MA) = E (d T (u)-l)(d T (v)-l). (3.1) 

uv^Et 

Mn) = E 

<M^>) = E E Wr(aO-l)(<*r(v)-l). (3-3) 

ii£Vr x,y£N T (u) 

Lemma 3.2. Let T = (Vr, £t) &e a tree wi/i UiUi, € -Er, Vii^, ^ -Et- £ei T' = T — {uiv±, U2V2} + 
{U1U2, v±V2}- If dx(vi) > dx(u2) and dx{v2) > dr(ui), i/ten T ^ s T". 

Proof. By Lemma 1.1, Si(T) = Si(T') for i = 0, 1, 2, 3, 5. Note that T and T" have the same degree sequence, 
hence (M-P3) = J2xev T C^) = ^M^s)- By Lemma 2.2(i), we obtain that S 4 (T) = S 4 (T'). Combining with 
(2.1) and (3.1) we have 

S 6 (T')-S e (T) = 6{<h'{Pi)-<h(P*)) 

= 6[(dr(«i) - l)(dr(va) - 1) + (dr(«i) - l)(dr(«a) - 1) 

-(d T '(fi) - l)(dr'(«i) - 1) + [d T '{v 2 ) - l)(dr'(«a) - 1)] 
= 6(dr(vi) - d T {u2))(d T (v2) - d T (ui)) 
> 0, 

which implies that T -< S T'. □ 

In view of the proof of Lemma 3.1, we may let a — max{0T(-P4) : T G Set := {T : T £ ^ with 

4>t{P&) = <j}. Hence, the last tree T* must be contained in 

Lemma 3.3. Let T be an arbitrary tree rooted at one maximum degree vertex. Assume that u,v in Vr satisfy 
dr{u) — dx(v) and 5ZxeJVr(«) 

dr{x) ^Y,x£N T (v)dT(x). Set 

^t(^o) ; — mm{dT(x)\x £ Nt(u) with h{x) = h(u) + 1}, 
dr(xi) := v&ax.{dT(x)\x £ Nt(v) with h(x) — h(v) + 1}. 

Let T 1 = T — {uxq, vxi} + {ux\, vxq}. If dx(xo) < dr{xx), then T -< s T' . 

Proof. By Lemma 1.1, Si(T) = Si(T') for i = 0, 1,2, 3, 5, 7. Note that T and T 1 have the same degree sequence, 
hence (j) T (P 3 ) = E x ev T C^i" ) = <h'(Pa)- B Y Lemma 2.2(i), we obtain that S 4 (T) = S 4 (T'). In view of (2.1) 



dr(it) - 1 



(d T (v) - 1) 



d T (v) 
2 



(dr(«) - 1) 



(3.2) 
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and (|3.1|) . we have 

S 6 (T')-S 6 (T) = 6(<fr>(P*)-MP*)) 

= 6[(dr/(u) - l)(dr'(zi) - x ) + 0*7" («) - l)(<Mz ) - 1) 

-(dr(«) - l)(dT(x ) - 1) + (dr(«) - l)(dr(a;i) - 1)] 
= 0. 

The last equality follows from dr{u) = dr'(u) = dr(v) — dr>(v), dr(xo) = cIt>(xo) and c?t(^i) = dr'(xi)- Hence, 
S 6 (T>) = S e (T) and 

<Pt-{Pa)=MPa)- (3.4) 
Notice that T and T" have the same degree sequences, in view of (|3.2I) we have 



4>t(T 5 ) = 0T'(T 5 ). 



(3.5) 



In view of (2.2) and (I3.3p ~ p.5p we have 
S 8 (T')-S 8 (T) = 8(cb T >(P 5 )-<f>T(P 5 )) 



E E (d T '(x)-l){d T ,(y)-l)- E E (^t(x) - l)(d T (y) - 1) 

uSiV T i x,y£N T i(u) uGVt x,y£N T (u) 

E (dr'(xi)-l)(d T '(^)-l)+ E (dr'(zo)-l)(<M*)-l) 

x£lN t i (u)\x± x£N t i (v)\xq 



E (dr(a:o) - l)(dr(x) - 1) - E (drfo) - l)(dr(a:) - 1) 

x£Nt(u)\xq x£Nt{v)\xi 



8(d T (xi) - d T (x )) 



E (dr(a:)-l)- E (M*) 1) 



E d T {x) - E <~ T (x) ) + («-t(s-i) - d T (x )) 

K xeN T (u) x£N T (v) 



= 8(d T (xi) - d T (x )) 
> 0. 

The last inequality follows from dr(xi) > dr(xo) and J2xeN T (u) dr{x) > J2xeN T (v) dr{x). Hence, T -< s T'. 
We are now ready to prove Theorem 1.2. 



□ 



Proof of Theorem 1.2 Assume that T is the last tree among 3^, where ir = (do, d\, . . . , d n -i) with do ^ d\ ^ 
• • • ^n-i- Without loss of generality, we may assume that Vt = {vq, . . . , u n _i} such that dr(vi) dr{Vj) for 
i < j, i.e., they are denoted with respect to dr(^) in non-increasing order. Put V% — {v : dist(u, vq) — i} for 
i = 0, 1, . . . ,p + 1 such that Vt = Ui=n Denote by |V£| = Sj for i = 0, 1, . . . ,p + 1. We now may relabel the 
vertices of Vt by the recursion method. For Vb, we relabel «o by i>oi and take it as the root of tree T. For all 
vertices of V\ which consists of all neighbors of vertices in Vq , may be relabeled as 



vn,v 12 , . . . ,wi, si 



and satisfy the following conditions: 



dr(vu) > d T (v 12 ) > • • • > dr^i.sj 
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and 

dr{v\i) = drivij) implies min{dT*(x)\x G Nt*{vh) fl V2} ^ max{dT* (x)\x G NT*{v\j) n V2} (3.6) 

for 1 < i < j < si. Moreover, si = dr(^oi)- Generally, we assume that all vertices of Vi are relabeled {tin, . . . , Vi iSi } 
for i = 1, . . . , t. Now consider all vertices in Vt+i- Since T is a tree, it is easy to see that 

s t +i = \V t +i\ = d T (v n ) H h d T {vt, St ) - st- 

Hence for 1 ^ r ^ St, all neighbors in Vt+i of vt r are relabeled as 

Vt+l,d T (v tl )+-+d T (vt,r-i)-(.r-l)+l> ■ ■ ■ ) u t+l,dT(fti)+--+dT(!' t , r )-r 

and satisfy the conditions: 

dT(ft+i,i) > d T (v t+ ij). 

and 

dT(ft+i,i) = d T (v t+ ij), implies mm{d T (x)\x G N T (v t+ i ti ) n V t+2 } ^ max{d T (a;)|a; G N T (v t+1 j) n 14+2 } (3.7) 

for <ir(fii) + • • • + dT(vt,r-i) — — 1) + 1 ^ z < j ^ <2r(fti) + • • • + drivt.r) — r. In this way, we have relabeled 
all vertices of Vr = Ui=n Therefore, we are able to define a well ordering of vertices in Vr as follows: 

Vik ~^ v ji if ^ i < j ^ P + 1 or i = j and 1 ^ k < I ^ Si. (3-8) 

We need to show that this well ordering is a BFS-ordering of tree T. In other words, T is isomorphic to T* . 
In order to show this assertion, we first prove that the following equation holds. 

dr(vhi) > d T (v h2 ) > • • • ^ d T (v h:Sh ) > d T (vfc.+i,i) (3.9) 

for h = 0, 1, . . . ,p + 1 by the induction on ft,. 

For ft = 0, clearly, (I3.9[) holds. Assume that (|3.9[) holds for ft = t. We consider ft = t + 1. Suppose to the 
contrary that dr(i>t+i,j) < dxivt+i.j) for 1 ^ i < j ^ St+i- Then there exist two vertices Vtk and with fc < I 
in layer i such that v t kVt+i,j G £<t and i>t/Ut+ij G -&r- By the induction hypothesis, we have dx{vtk) ^ dxivu)- 
Here we consider the following two possible cases. 

Case 1. d T (v t k) > d T (v t i). Let 

T' = T - {v t kVt+i,i,v tl v t+ i,j} + {vtkv t +i,j,vtiv t +i,i}. 
It is routine to check that T' E By Lemma 3.2, T -< s T', a contradiction to T being the last tree among 

Case 2. dr(vtk) = ^T^tz). In this case, by l|3.7j) we have that min { c?t ( a; )| a; G -/Vr(vtfc)nVt + i} ^ max{e?T(cc)|a; G 
Nt{vu) fl Vt+i}, which implies that 

d T (x)^ ^ dr(a;). (3.10) 
leNTfeJnK+i x£N T (v a )c\V t+ i 

Note that there exists a unique vertex, say v t -i, r (resp. v t _i jS ), in Nx{vtk) (resp. Nt{vu)) such that r < s. By 
induction, dT(^t-i,r) > dr(vt-i jS ), hence together with (|3 . 1 0[) we have 

xeN T {vth) xeN T (v u ) 
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Set 



d T {x ) := mm{d T {x)\x £ N T (v tk ) n F t+1 }, dr(a?i) := max{d T (x)\x G JV r (««) n V t+ i}. (3.11) 

Note that dr(vt+i,i) < drivt+ij), in view of 1)3.11]) we have dr(xo) < dr{x{). Let 

T' = T - {v t kXo,v tl xi} + {v tk xi,v t kXo}. 

It is routine to check that T' <E By Lemma 3.3, we have T -< s T", a contradiction to T being the last tree 
among 3^. 

Similarly, we also show that dr(vh, Sh ) *S dr{vh+i,i)- Hence ()3.9[) holds. Therefore, we have 

dr(«oi) > dr(un) > • • ^ dr(«i, ai ) ^ dr(«2i) > • • • > dT(v2,s 2 ) > • • ^ d T (v P +M P+ i) (3-12) 

and 

dr(«oi) = do, dr(«ii) = •••> d T {vi. Sl ) = d si , 

dr(v2i) = d Sl +i, ■ • ■ , d T (v 2 , S2 ) = d S i+ S2 , • ■ • , (3.13) 
dr(«p+i,i) = d ai +...+ ap +i, . . . , dr(up4-i,a p+ i) = 

By (3.8), (3.11) and (3.12), it is easy to see that this well ordering satisfies the conditions (l)-(3) in Definition 
2.1. Hence T has a BFS-ordering. Further, by Proposition 1, T* is isomorphic to T. So T* is the last tree, in an 
S'-order, among □ 

Lemma 3.4. Let T = (Vt,Et) be a tree with uvi <E Et and wvi Et for i = 1, 2, . . . , k. Let T' = (Vt>,E t >) be 
a new tree from T by deleting edges uvi and adding edges wvi for i = 1, 2, . . . , k. If dx(w) ^ dx(u), then T -< s T' . 

Proof. Note that S^T) = Si(T') for i = 0, 1, 2, 3, by Lemma 2.2(i), we have 

S 4 (T')-S4(T) = 4(<MP 3 ) - <MP 3 )) 

'dT'(u>)\ f dr'(u)\ (dr(w)\ (dr{u) 



2 / V 2 / V 2 / V 2 
'dr(u>) + ^ + /dr(u) - ^ _ _ AW 

= 4[fc 2 + fc(d T (ty) -dr(u))] > 0. 

Hence, we have T < S T' . □ 

Theorem 3.5. Let tt and ir' be two different tree degree sequences with the same order. Let T* and (T')* be the 
last tree, in an S-order, among 3^ and ST^' , respectively. If tt < ir 1 , then T* -< s (T')*. 

Proof. Note that 7r<l7r', hence by Proposition 2, we may assume, without loss of generality, that ir = (do, . . . , d n -\) 
and 7r' = (d'a, ■ . ■ , with di = d\ for i ^ p, q, and d p = d' p — 1, rf 9 = d' + 1, ^ p < q ^ n — 1. Moreover, 

let ir and ir' be degree sequences of T* and (T')* 5 respectively. Since d q = d' q + 1 ^ 2, there exists a vertex iu in 
N(v q ) such that uw p ^ L/r* (otherwise, T* contains a cycle, a contradiction). Let Tj be a tree from T* by adding 
the edges wv p and deleting wv q . Note that dxivp) > dT{v q ), hence by Lemma 3.4, T* -< s T\. Furthermore, it is 
easy to see that T x e Hence, T x <s (T 1 )* with equality if and only if T t = (T')* . Hence T* < s T x < B (T 1 )*, 
as desired. □ 
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From Theorems 1.2 and 3.5, we may deduce the last graph in an 5*-order in some class of graphs. For example, 
let be the set of all trees of order n with s leaves, 5^ 2 A be the set of all trees of order n with the largest 
degree A, be the set of all trees of order n with the independence number a and be the set of all trees 
of order n with the matching number f3. 



Corollary 3.6. A tree T\ is the last tree, in an S-order, among 3? n s if and only if T\ is a star with paths of 
almost the same length to each of its s leaves (in other words, let n — 1 = sq + 1, ^ t < s) and T* is obtained 
from t paths of order q + 2 and s — t paths of order q + 1 by identifying one end of the s paths). 

Proof. Let T be any tree in 2F n s with the non-increasing degree sequence tx = (do, ■ ■ ■ ,d n -i). Thus d„_ s _i > 1 
and d n - s = ■ ■ ■ = d n _i = 1. Let T* have a BFS ordering tree with the degree sequence tt* = (s, 2, . . . , 2, 1, . . . , 1), 
where there are the number s of 1 in n* . By Definition 1, T* is a star with paths of almost the same length to 
each of its s leaves. Moreover, it is easy to see that it < tt* . By Theorem 3.5, the assertion holds. □ 

Corollary 3.7. A tree T 2 is the last tree, in a S-order, among 3^ A with A > 3 if and only ifT 2 is T* in Theorem 
1.2 with degree sequence tt* which is as follow: Denote I— log(A-i) "( A ~ 2 ) +2 — 1 and n— ^7^—^ = (A— l)r+q 

^ t ^ \ I — 1 2 

for < q < A — 1. If q = 0, put n = (A, . . . , A, 1, . . . , 1) with the number — — h r of degree A. Ifl^q, 

A-2 



A / A -1 \l — 1 o 

put 7r* = (A, . . . , A, q, 1, . . . , 1) with the number — h r of degree A. 



Proof. For any tree T of order n with the largest degree A, let tt = (c? , . . . , d n -\) be the non-increasing degree 
sequence of T. Assume that T* has I + 2 layers. Then there is a vertex in layer (i.e., root), there are A vertices 
in layer 1, there are A(A — 1) vertices in layer 2,. . . , there are A(A — vertices in layer I, there are at most 

A(A — I) 1 vertices in layer I + 1. Hence 

1 + A + A(A - 1) + • • • + A(A - l)'- 1 < n < 1 + A + A(A - 1) + • • • + A(A - 1)'. 

Thus 

A(A-lV-2 A(A-l) i+1 -2 
A-2 <"^-h^2 • 

Hence 

I 



n(A - 2) + 2 

log(A-l) T 



and there exist integers r and ^ q < A — 1 such that 

A(A- 1)' -2 



(A - l)r + q. 



Therefore degrees of all vertices from layer to layer I — 1 are A and there are r vertices in layer I with degree 
A. Denote by m ~ A(A — — 2/A — 2 + r — 1. Then there are m + 1 vertices with degree A in T*. Hence the 
degree sequence of T* g ,5^ 2 A is tt* = (dj$, • • • , with rfg = ■ • • = d^ = A, d* n+1 = ■■■ = d* n _ l = 1 for q = 0; 

and is 7r* = (do> ■ • ■ ) d* n _ 1 ) with d*, = ■ ■ ■ = d^ = A, d* l+1 = q, d^ +2 = ■ • ■ = d* n _ 1 = 1. It follows from d ^ A 
that Y^i=o di ^ Si=o d* for fc = 0, . . . , m. Further by d| = 1 ^ dj for A; = m + 2, . . . , n — 1, we have 

/c n—1 n—1 k 

Y,di =2(n- 1) - < 2(n - 1) - ^ d* =^d* 

i=0 fe+1 fe+1 i=0 

for k = m+ 1, . . . ,n — 1. Thus 7r < 7r*. Hence by Theorems 1.2 and 3.5, we have T ^ s T* and " = s " holds if and 
onlyifT = T*. □ 
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Corollary 3.8. Let be the set of all trees of order n with the independence number a. A treeT% is the last tree, 
in an S-order, among ^ a if and only if T3 is T* in Theorem 1.2 with degree sequence ir* — (a, 2, . . . , 2, 1, . . . , 1) 
the numbers n — a — 1 of 2 and a of 1. 

Proof. For any tree T of order n with the independence number a, let / be an independent set of T with the 
independence number a and ir — (do, . ■ . , d n -\) be the non- increasing degree sequence of T. If there exists a 
pendent vertex u of degree 1 with u £ I, then there exists a vertex v £ I with uv £ Et- Hence ^U{ u }\{ w l i s an 
independent set of T with the size a. Therefore, there exists an independent set of T with a which contains all 
pendent vertices of T. Hence there are at most a pendent vertices. Then d„_ Q _i > 2 and tt < it* . Therefore by 
Theorems 1.2 and 3.5, the assertion holds. □ 

Corollary 3.9. Let ^ fj be the set of all trees of order n with the matching number (3. A tree T4 is the last tree, in 
an S-order, among ST^ 8 if and only ifT± is T* in Theorem 1.2 with degree sequence it* = (n — 0,2, ... ,2,1, ... ,1) 
and the number n — (3 of 1. 

Proof. For any tree T of order n with the matching number /?, let ir — (do, . . . , d n -\) be the non-increasing degree 
sequence of T. Let M be a matching of T with the matching number j3. Since T is connected, there are at least 
j3 vertices in T such that their degrees are at least two. Hence ^ 2. Then ir < it*. Therefore by Theorems 

1.2 and 3.5, the assertion holds. □ 
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